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Abstract
For smooth metric measure spaces (M, g, e−fdvol) we prove a Liuoville-type theorem when the Bakry-
Emery Ricci tensor is nonnegative. This generalizes a result of Yau, which is recovered in the case f is
constant. This result follows from a gradient estimate for f-harmonic functions on smooth metric measure
spaces with Bakry-Emery Ricci tensor bounded from below.
1 Introduction
In this paper we study smooth metric measure spaces. A smooth metric measure space is a complete
Riemannian manifold together with a measure conformal to the Riemannian measure. More precisely a
smooth metric measure space is a triple, (Mn, g, e−fdvol), where M is a complete Riemannian manifold of
dimension n, f is a smooth real-valued function on M and dvol is the Riemannian volume density.
Smooth metric measure spaces carry natural analogs of the Ricci tensor. In this paper we study the
Bakry-Emery Ricci tensor, or∞-Bakry-Emery Ricci tensor, defined by Ricf = Ric+Hess(f). This tensor can
be thought of as the limit of the N-Bakry-Emery Ricci tensors defined by RicNf = Ric+Hess(f)− 1N df ⊗ df .
The Bakry-Emery Ricci tensor, as well as its finite dimensional variants, were studied extensively by Bakry
and Emery in their investigations of diffusion processes. It also arises in the theory of the Ricci flow, asRicf =
λg is precisely the gradient Ricci soliton equation. Smooth metric measure spaces also carry a natural analog
of the Laplace-Beltrami operator, the f-Laplacian, defined for a function u by ∆f (u) = ∆(u)− 〈∇u,∇f〉.
A great deal is known about the geometric and topological implications of the Ricci tensor. The natural
question, first studied by Lichnerowicz [5, 6], is which of these results hold for the Bakry-Emery Ricci tensor.
This is an active field of current research. See, for example [4, 7, 9, 12, 8] or [11] and the references therein.
In 1976 Yau [13] famously showed that any positive or bounded harmonic function on a complete
Riemannian manifold with Ric ≥ 0 must be constant. The goal of this paper is to establish a corresponding
result for f-harmonic functions on smooth metric measure spaces with Ricf ≥ 0. For positive f-harmonic
functions this was shown in [9] for smooth metric measure spaces with uniformly positive Bakry-Emery Ricci
tensor. Such a result, however, is impossible for positive f-harmonic functions on smooth metric measure
spaces with nonnegative Bakry-Emery Ricci tensor, as the following example illustrates:
Example 1. Consider Rn with the usual metric and let f(x) = x1, the first coordinate function. Clearly
Ricf ≥ 0 in this case. Now consider the function u(x) = ex1 and note
∆f (u) = ∆(u)− 〈∇u,∇f〉 = u′′ − u′ = 0. (1.1)
Thus u is a non-constant positive f-harmonic function on (Rn, g, e−fdvol).
On the other hand for smooth metric measure spaces with nonnegative Bakry-Emery Ricci tensor we
show that bounded f-harmonic functions are constant.
Theorem 1. Let (M, g, e−fdvol) be a complete smooth metric measure space with Ricf ≥ 0. If u is a
bounded f-harmonic function defined on M then u is constant.
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In the case of the N-Bakry-Emery Ricci tensor, for finite N, similar Liouville-type theorems are obtained
in [4, 2, 3, 10]. The Liouville-type theorem is proved by establishing the following estimate on the gradient
of an f-harmonic function.
Theorem 2. Let (M, g, e−fdvol) be a complete smooth metric measure space with Ricf ≥ −(n− 1)H2 where
H ≥ 0. If u is a positive f-harmonic function defined on B(q; 2R) with R ≥ 1, then for any q0 ∈ B(q;R),
|∇u|(q0) ≤
√
c1(n, α)
R
+ c2(n)H2 sup
p∈B(q;2R)
u(p), (1.2)
where α = max
p∈{p:d(p,q)=1}
∆fr(p).
The constants above are given explicitly in (2.23). In the case H = 0, Theorem 1 then immediately follows
by taking a limit as R tends to infinity. The next section is dedicated to the proof of this estimate. A related
estimate is obtained in [1].
The idea of Yau’s original proof was to apply the Bochner formula to the log of a positive harmonic
function to obtain an initial estimate, then multiply by a cut-off function and apply the maximum principle
and Laplacian comparison. On smooth metric measure spaces there is a Bochner formula which looks similar
to the classical Bochner formula, see [12] for example. This formula is given by
1
2
∆f |∇u|2 = |Hess u|2 + 〈∇u,∇(∆fu)〉+Ricf(∇u,∇u). (1.3)
The difference between the two Bochner formulae is the Hessian term which is controlled by the Laplacian.
In the context of smooth metric measure spaces the Laplacian is related to the f-Laplacian by ∆u = ∆fu+
〈∇u,∇f〉. Thus, when squared, the first and last terms will be positive, so the issue is controlling the cross
term. The cross term is controlled by choosing a suitable function h of the given f-harmonic function and
examining two cases depending on h and the relative magnitudes of ∆h and 〈∇h,∇f〉. The cross term is then
collected with the larger of the leading and final terms to obtain an initial estimate. Then we multiply by a
cut-off function, use the maximum principle and apply the f-Laplacian estimate of Wei-Wylie [12, Theorem
2.1] to control the resulting terms.
In the final section we use the the ideas of the proof of Theorem 2 to obtain an estimate for |∇ log(u)| as
in Yau [13]. However, choosing h = log(u) a gap develops between the constants required to define the two
cases. Thus the estimate is only established with an additional assumption on the relative sizes of ∇ log(u)
and 〈∇ log(u),∇f〉. Specifically we establish the following:
Theorem 3. Let (M, g, e−fdvol) be a smooth complete metric measure space with Ricf ≥ −(n−1)H2. If u is
a positive f-harmonic function defined on B(q; 2R) with R ≥ 1, such that either 〈∇f,∇ log(u)〉 ≤ a|∇ log(u)|2
for some 0 ≤ a < 12 or 〈∇f,∇ log(u)〉 ≥ 2|∇ log(u)|2 then for any q0 ∈ B(q;R),
|∇(log u)|(q0) ≤
√
c1(n, a)H2 +
c2(n, a, α)
R
. (1.4)
Remark Note that when f is constant this recovers the original estimate of Yau [13].
Remark The assumption on the relative sizes of 〈∇f,∇ log(u)〉 and |∇ log(u)|2 here is required as Example
1 demonstrates. Note that in Example 1, 〈∇f,∇ log(u)〉|∇ log(u)| = 1.
2 Proof of Theorems 1 and 2
The proof of Theorem 2 will follow from applying the Bochner formula to an appropriate function h of
a given positive f-harmonic function u. As noted above, the problem term in the Bochner formula is the
Hessian term, which is controlled with the Laplacian. Indeed, if 〈∇u,∇f〉 is small in relation to ∆u, then
∆u can be controlled by ∆fu since ∆u = ∆fu + 〈∇u,∇f〉. Applying the Bochner formula to log(u) then
yields the desired estimate, just as in the classical case. On the other hand, if 〈∇u,∇f〉 is large in relation
2
to ∆u this approach fails. In this case ∆u is controlled by 〈∇u,∇f〉. Here, applying the Bochner formula
directly to u will give the estimate. These two estimates can be combined directly, but a more convenient
method suggested by Dr. Zhiqin Lu is to apply the Bochner formula to uǫ for some ǫ ∈ (0, 1). This is the
proof we follow below.
Proof of Theorem 2. Let h = uǫ, where ǫ ∈ (0, 1). Applying the Bochner formula to h, we find:
1
2
∆f |∇h|2 = |Hess h|2 + 〈∇h,∇(∆fh)〉+Ricf(∇h,∇h). (2.1)
Now we compute,
∆fh = ∆h− 〈∇h,∇f〉,
= ǫ(ǫ− 1)uǫ−2|∇u|2 + ǫuǫ−1∆fu,
=
(ǫ− 1)|∇h|2
ǫh
.
(2.2)
Where the last equality uses the fact that u is f-harmonic. Further Ricf(∇h,∇h) ≥ −(n− 1)H2|∇h|2 and
by the Schwarz inequality we find:
|Hess h|2 ≥ |∆h|
2
n
,
=
1
n
(∆fh+ 〈∇f,∇h〉)2,
=
1
n
(
(ǫ− 1)|∇h|2
ǫh
+ 〈∇f,∇h〉)2.
(2.3)
Also,
〈∇h,∇(∆fh)〉 = 〈∇h,∇( (ǫ − 1)|∇h|
2
ǫh
)〉,
=
ǫ− 1
ǫh
〈∇h,∇|∇h|2〉 − (ǫ − 1)|∇h|
4
ǫh2
.
(2.4)
Thus substituting (2.3) and (2.4) into (2.1),
1
2
∆f |∇h|2 ≥ (ǫ − 1)
2|∇h|4
nǫ2h2
+
2(ǫ− 1)|∇h|2
nǫh
〈∇h,∇f〉+ 1
n
〈∇h,∇f〉2
+
ǫ− 1
ǫh
〈∇h,∇|∇h|2〉 − (ǫ − 1)|∇h|
4
ǫh2
− (n− 1)H2|∇h|2.
(2.5)
We now examine two cases according to which term in ∆h dominates. First, suppose p ∈ B(q; 2R) such
that 〈∇h,∇f〉 ≤ a |∇h|2
h
, for some constant a to be determined. Thus at p we find:
1
2
∆f |∇h|2 ≥ (ǫ− 1)
2|∇h|4
nǫ2h2
+
2(ǫ− 1)|∇h|2
nǫh
(
a|∇h|2
h
) +
1
n
〈∇h,∇f〉2
+
ǫ− 1
ǫh
〈∇h,∇|∇h|2〉 − (ǫ− 1)|∇h|
4
ǫh2
− (n− 1)H2|∇h|2,
≥ (ǫ− 1)
2 + 2aǫ(ǫ− 1)− nǫ(ǫ− 1)
nǫ2
|∇h|4
h2
+
ǫ− 1
ǫh
〈∇h,∇|∇h|2〉 − (n− 1)H2|∇h|2.
(2.6)
We note that the coefficient of |∇h|
4
h2
will be positive whenever
a <
nǫ− ǫ+ 1
2ǫ
. (2.7)
3
Now suppose to the contrary that p ∈ B(q; 2R) such that 〈∇h,∇f〉 ≥ a |∇h|2
h
. Thus at p we find
1
2
∆f |∇h|2 ≥ (ǫ − 1)
2|∇h|4
nǫ2h2
+
2(ǫ− 1)
nǫh
(
h
a
〈∇h,∇f〉)〈∇h,∇f〉+ 1
n
〈∇h,∇f〉2
+
ǫ− 1
ǫh
〈∇h,∇|∇h|2〉 − (ǫ− 1)|∇h|
4
ǫh2
− (n− 1)H2|∇h|2,
=
(ǫ − 1)2 − n(ǫ− 1)
nǫ2h2
|∇h|4 + 2(ǫ− 1) + ǫa
nǫa
〈∇h,∇f〉2 + ǫ− 1
ǫh
〈∇h,∇|∇h|2〉 − (n− 1)H2|∇h|2.
(2.8)
Thus the coefficient of 〈∇h,∇f〉2 will be positive whenever
a >
2(1− ǫ)
ǫ
. (2.9)
Hence provided ǫ ∈ (34 , 1) there will exist an a satisfying both of these inequalities. In particular, choosing
ǫ = 78 , we may take a =
1
2 and in either case,
1
2
∆f |∇h|2 ≥ (7n− 6
49nh2
)|∇h|4 − 1
7h
〈∇h,∇|∇h|2〉 − (n− 1)H2|∇h|2. (2.10)
Therefore this estimate holds on all of B(q; 2R).
Now we wish to multiply |∇h|2 by a cut-off function to obtain a function which achieves its maximum
inside B(q; 2R). Let g : [0, 2R]→ [0, 1] be a C3 function with the following properties:
a.)g|[0,R] = 1,
b.) supp(g) ⊆ [0, 2R),
c.) −c
R
√
g ≤ g′ ≤ 0,
d.) |g′′| ≤ c
R2
,
for some c > 0. Define φ : B(q; 2R) → [0, 1] by φ(x) = g(d(x, q)) and set G = φ|∇h|2. We first compute
∇G = (∇φ)(|∇h|2) + (φ)(∇|∇h|2). Hence
|∇h|2 = G
φ
, (2.11)
and
∇|∇h|2 = ∇G
φ
− ∇φ
φ2
G. (2.12)
Further,
∆fG = (∆φ)(|∇h|2) + 2〈∇φ,∇|∇h|2〉+ (φ)(∆|∇h|2)− 〈∇f, (∇φ)|∇h|2〉 − 〈∇f, (φ)(∇|∇h|2)〉,
= (∆φ)(|∇h|2) + 2〈∇φ,∇|∇h|2〉 − 〈∇f, (∇φ)(|∇h|2)〉+ φ∆f |∇h|2.
(2.13)
Thus,
∆f |∇h|2 = 1
φ
∆fG− |∇h|
2
φ
∆fφ− 2〈∇φ
φ
,∇|∇h|2〉,
=
1
φ
∆fG− G
φ2
∆fφ− 2〈∇φ
φ
,
∇G
φ
− ∇φ
φ2
G〉.
(2.14)
Now substituting (2.11), (2.12) and (2.14) into (2.10) and solving for 1
φ
∆fG we find that
1
φ
∆fG ≥ G
φ2
∆fφ+ 2〈∇φ
φ
,
∇G
φ
〉 − 2〈∇φ
φ
,
∇φ
φ2
G〉+ (14n− 12
49nh2
)
G2
φ2
− 2
7h
〈∇h, ∇G
φ
− ∇φ
φ2
G〉 − 2(n− 1)H2G
φ
.
(2.15)
Now G must achieve its maximum on the compact set B(q; 2R) and since G vanishes on the boundary,
it must attain its maximum at some point q0 ∈ B(q; 2R). We assume q0 is not in the cut locus of q, if it is
we adjust φ slightly and interpret the following inequalities in the barrier sense. Evaluating the above at q0
and solving for the G term,
4
(
14n− 12
49nh2
)G ≤ −∆fφ+ 2
φ
|∇φ|2 − 2
7h
〈∇h,∇φ〉 + 2(n− 1)φH2. (2.16)
Now we note that if q0 ∈ B(q; 1), then since φ is the identity on B(q;R), q0 is the maximum point of
|∇h| on B(q;R). Thus (2.16) yields,
|∇u| ≤
√
64n(n− 1)
7n− 6 H supp∈B(q;2R)
u(p), (2.17)
on B(q;R), which is the desired estimate. Thus we may assume q0 /∈ B(q; 1). Now to control the f-Laplacian
term in (2.16), note that φ is a radial function and hence ∆fφ = g
′∆f r + g
′′, where r(x) = d(x, q). Now
since Ricf ≥ −(n− 1)H2 and d(q, q0) ≥ 1, the Laplacian estimate of [12] gives,
∆fr(q0) ≤ α+ (n− 1)H2(2R− 1). (2.18)
Further by the construction of φ, −c
R
√
g ≤ g′ ≤ 0 and g′′ ≥ − c
R2
. Hence,
∆fφ ≥ −c
R
∆f (r) − c
R2
,
≥ −cα
R
− c(n− 1)H2 2R− 1
R
− c
R2
.
(2.19)
Finally to control the 〈∇h,∇φ〉 term, note that for any δ ≥ 0,
2|〈∇h,∇φ〉| ≤ 2|∇h||∇φ| ≤ δφ
h
|∇h|2 + h
δφ
|∇φ|2. (2.20)
Thus, substituting (2.20) and (2.19) into (2.16) and collecting terms we find:
(
14n− 12
49nh2
− δ
7h2
)G ≤ cα
R
+
c
R2
+ (2 +
1
7δ
)
|∇φ|2
φ
+ 2(n− 1)H2(φ+ cR− 1
R
). (2.21)
Now choosing δ = 17 , noting that
|∇φ|2
φ
≤ c2
R2
and using R ≥ 1 we find,
13n− 12
49nh2
G ≤ cα+ c+ 3c
2
R
+ 2(n− 1)H2(φ + c). (2.22)
Finally restricting to B(q;R) and using the definition of h we conclude that
|∇u| ≤
√
64n(cα+ c+ 3c2)
13n− 12
1
R
+
128n(n− 1)(1 + c)
13n− 12 H
2 sup
p∈B(q;2R)
u(p). (2.23)
3 Proof of Theorem 3
In this section we prove Theorem 3. As noted above the proof begins by applying the Bochner formula to
log(u) and then using the assumption to control the Hessian term with ∆f log(u).
Proof of Theorem 3. Define h = log(u). First we note that,
∆fh = ∆h− 〈∇f,∇h〉,
=
1
u
∆fu− |∇u
u
|2.
(3.1)
Thus since u is f-harmonic, ∆fh = −|∇h|2. Now applying the Bochner formula we find:
1
2
∆f |∇h|2 = |Hess h|2 + 〈∇h,∇(∆fh)〉+Ricf(∇h,∇h). (3.2)
5
Further, by the Schwarz inequality |Hess h|2 ≥ |∆h|2
n
. Now,
|∆h|2 = |∆fh+ 〈∇h,∇f〉|2,
= |−|∇h|2 + 〈∇h,∇f〉|2,
= |∇h|4 − 2|∇h|2〈∇h,∇f〉+ 〈∇h,∇f〉2.
(3.3)
Thus if the first assumption holds we find:
|∆h|2 ≤ |∇h|4 − 2a|∇h|4,
= (1− 2a)|∇h|4. (3.4)
If the second assumption holds, then:
|∆h|2 ≤ |∇h|4 − 〈∇f,∇h〉2 + 〈∇h,∇f〉2,
≤ |∇h|4. (3.5)
Also, Ricf(∇h,∇h) ≥ −(n − 1)H2|∇h|2. Thus substituting the above into the Bochner formula in either
case we find that,
1
2
∆f |∇h|2 ≥ 1− 2a
n
|∇h|4 − 〈∇h,∇(|∇h|2)〉 − (n− 1)H2|∇h|2. (3.6)
From here the proof follows the same argument as Theorem 2, yielding
|∇h| ≤
√(
2ncα+ 2nc
3(1− 2α) +
2n(2n+ 2− 4a)c2
3(1− 2α)2
)
1
R
+
4n(c+ 1)(n− 1)
3(1− 2a) H
2, (3.7)
where a is taken to be 0 in the case the second assumption holds.
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